
LOWER CATEGORY THEORY

WILLIAM BALDERRAMA

This is, roughly, a note on how to use the relation between Fun(C, Set), Cat/C,
and Fun(Cop, Set) to reason about categories.

1. Some preliminaries

1.1. Slice categories. The ordinary category Cat of categories has all small limits,
which are computed in the most naive way. In particular, given a span

C
f−→ D

g←− E,

the pullback C×D E is the category with:

(i) Objects: pairs 〈c ∈ C, e ∈ E〉 such that f(c) = g(d),
(ii) Morphisms: a morphism 〈c, e〉 → 〈c′, e′〉 consists of m : c→ c′ and n : e→ e′

such that f(m) = g(n).

Observe that the equalities in the above definition are strict.
Given f : C→ D, we define the slice categories

D/f = D[1]
ev1
×D C, f/D = D[1]

ev0
×D C.

These are equipped with projections p : D/f → D and q : f/D→ D, and for d ∈ D

we have the slice categories

d/f = p−1(d), f/d = q−1(d).

Explicitly, f/d is the category with

(i) Objects: 〈c ∈ C, s : f(c)→ d〉,
(ii) Morphisms: 〈c, s〉 → 〈c′, s′〉 consists of t : c→ c′ such that s′ ◦ f(t) = s,

and d/f is described similarly.

1.2. Adjunctions. Given functors

f : C � D : g,

an adjunction f a g is a natural isomorphism

D(f(−),=) ∼= C(−, g(=))

of functors Cop×D→ Set. We say that f is left adjoint to g, and g is right adjoint
to f .

1.2.1. Proposition. Let f : C→ D be a functor. The following are equivalent:

(i) There is a functor g : D→ C together with an adjunction f a g,
(ii) For all d ∈ D, the functor D(f(−), d) : Cop → Set is representable,

(iii) For all d ∈ D, the slice category f/d has a terminal object.

�
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1.3. Kan extensions. Given categories C,D,E and a functor f : C→ D, we obtain
a restriction functor

f∗ : Fun(D,E)→ Fun(C,E).

The adjoints to this, if they exist, are the functors f! a f∗ a f∗. Here, f! is the
functor of left Kan extension and f∗ is the functor of right Kan extension.

1.3.1. Proposition. Suppose C is small and D is locally small. Then for any functor
f : C→ D, there are functors of left and right Kan extension

f! : Fun(C, Set)→ Fun(D, Set), f∗ : Fun(C, Set)→ Fun(D, Set).

�

Given f : C→ D, we write

f◦ : Fun(E,C)→ Fun(E,D)

for postcomposition by f .

1.4. The Grothendieck construction and colimits of sets. Given a functor
F : C→ Set, we want a formula for computing colimF .

1.4.1. Definition. For a category C, the Grothendieck construction is either of∫
: Fun(C, Set)→ Cat/C,

∫ op

: Psh(C)→ Cat/C

defined as follows. Fix F : C→ Set. Then
∫
F is the category with

(i) Objects: pairs 〈c ∈ C, x ∈ F (c)〉,
(ii) Morphisms: 〈c, x〉 → 〈c′, x′〉 consists of t : c→ c′ such that F (t)(x) = x′.

Fix F : Cop → Set. Then
∫ op

F is the category with

(i) Objects: pairs 〈c ∈ C, x ∈ F (c)〉,
(ii) Morphisms: 〈c, x〉 → 〈c′, x′〉 consists of t : c→ c′ such that F (t)(x′) = x.

/

Observe that for F : Cop → Set, we can identify
∫ op

F = (
∫
F )op. We will also

need the following.

1.4.2. Proposition. The inclusion Set→ Cat has a left adjoint π0 : Cat→ Set.

Construction. For a category E, the set π0E is defined as Ob(E)/∼, where ∼ is the
equivalence relation generated by e ∼ e′ whenever there exists a map e→ e′. �

Observe that an adjoint f : E→ D induces an isomorphism π0E ∼= π0D. The fol-
lowing theorem is essentially the motivation for everything that follows; the careful
reader will observe that a proof is present in our proof of Theorem 2.4.2.

1.4.3. Theorem. For F : C = (Cop)op → Set, we can identify

π0

∫
F = colimF = π0

∫ op

F.

�

1.4.4. Remark. There is a similar formula for limits:

HomCat/C(C,

∫
F ) = limF = HomCat/Cop(Cop,

∫ op

F ).

/
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2. Discrete (op)fibrations

2.1. Adjoint of the Grothendieck construction. Recall that we have defined
functors ∫

: Fun(C, Set)→ Cat/C,

∫ op

: Psh(C)→ Cat/C.

We can go the other way as well.

2.1.1. Definition. The functors

U : Cat/C→ Fun(C, Set), Uop : Cat/C→ Psh(C)

are defined by
U(p)(c) = π0(p/c), Uop(p)(c) = π0(c/p).

/

Observe that these are dual in the sense that U(p) = Uop(pop).

2.1.2. Theorem. There are adjunctions

U a
∫
, Uop a

∫ op

for which the counits are natural isomorphisms. In particular,
∫

and
∫ op

are fully
faithful.

Proof. We will content ourselves to focus on U a
∫

. Fix p : E→ C and F : C→ Set;
we would like to exhibit a natural isomorphism

HomCat/C(E,

∫
F ) ∼= HomFun(C,Set)(U(p), F ).

Now, a functor α : E →
∫
F over C is equivalent to a collection of assignments

αc : p−1(c) → F (c) satisfying the following condition: for all t : e → e′ in E with
p(t) = s : c → c′, we have F (s)(αc(e)) = αc′(e

′). As a consequence, we obtain
functors

p/c→ F (c), 〈e, s〉 7→ αp(e)(e)

which are natural in c, which patch together to give a natural transformation
α : U(p)→ F .

Conversely, suppose given a natural transformation α̃U(p) → F . This is equiv-
alent to a collection of functors α̃c : p/c → F (c) natural in c, which give rise to a
functor α : E →

∫
F by α(e) = α̃p(e)(e, 1p(e)). These constructions are mutually

inverse, so that U a
∫

as claimed.
It remains to show that for F : C → Set, the counit U(

∫
F ) → F is an isomor-

phism. Write q :
∫
F → C, so that U(

∫
F )(c) = π0(q/c). Observe that q/c is the

category of tuples 〈c′ ∈ C, x ∈ F (c′), t : c′ → c〉, and the counit U(
∫
F )(c) → F (c)

arises from the assignments

〈c′, x, t〉 7→ F (t)(x).

Now, for z ∈ F (c), let (q/c)z ⊂ q/c be the full subcategory on those pairs 〈c′, x, t〉
which are sent to z under this map. Then q/c =

∐
z∈F (c)(q/c)z and (q/c)z has

terminal object 〈c, z, 1c〉, so that π0((q/c)z) = {z} and thus the counit is an iso-
morphism as claimed. �
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2.2. Discrete (op)fibrations. As
∫

and
∫ op

are fully faithful, it is a good idea to
identify their essential image. Let us focus on

∫
. For F : C→ Set, write p :

∫
F → C.

Observe that for c ∈ C, the fiber p−1(c) = F (c) is a set which depends functorially
on C. Making explicit this functoriality, we are led to the following definition.

2.2.1. Definition. A functor p : E→ C is a discrete opfibration if for every t : c→ c′

in C and e ∈ p−1(e), there is a unique map s : e→ e′ such that p(s) = t. /

We picture this situation as follows:

e e′

c c′

∃!s

t

.

Let OpFib[(C) ⊂ Cat/C be the full subcategory spanned by the discrete opfibra-
tions. We obtain a functor

V : OpFib[(C)→ Fun(C, Set), V (p)(c) = p−1(c),

where given t : c→ c′ in C and e ∈ p−1(c), we set V (p)(t)(e) = e′, where s : e→ e′

is the unique map lifting t with source e.

2.2.2. Theorem. The functor
∫

: Fun(C, Set) → Cat/C induces an equivalence∫
: Fun(C, Set) ' OpFib(C), with essential inverse V .

Proof. For any functor F : C → Set, we can see that
∫
F is a discrete opfibration

and V (
∫
F ) = F . Conversely, if p : E → C is a discrete opfibration, then it is not

difficult to check that the assignment∫
V (p)→ E, 〈c ∈ C, x ∈ V (p)(c) = p−1(c)〉 7→ x

gives a natural equivalence
∫
V (p) ' p. �

All of this has an analogue for presheaves.

2.2.3. Definition. A functor p : E→ C is a discrete fibration if for every t : c→ c′

in C and e′ ∈ p−1(c′), there is a unique map s : e→ e′ such that p(s) = t. /

Observe that p is a discrete fibration if and only if pop is a discrete opfibration.

Setting Fib[(C) ⊂ Cat/C to be the subcategory of discrete fibrations, we obtain as
above an equivalence ∫ op

: Psh(C) ' Fib[(C) : V op.

2.3. Pullbacks of discrete fibrations. Let Set∗ denote the category of pointed
sets. Let π : Set∗ → Set denote the projection given by π(〈S, s ∈ S〉) = S.

2.3.1. Lemma. The projection π is a discrete opfibration, and in fact π =
∫
ISet.

�

As one might guess from the identification π =
∫
ISet, this discrete opfibration

satisfies a universality property.

2.3.2. Theorem. For any discrete opfibration p : E → C, there is an essentially
unique functor F : C→ Set for which we have a pullback square
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E Set∗

C Set

p π

F

.

Here, we can identify F = U(p).

Proof. For F : C → Set, the construction of
∫
F shows that we have a pullback

square ∫
F Set∗

C Set

π

F

.

The result follows from Theorem 2.2.2. �

For any functor f : C→ D, we have an adjunction

f! : Cat/C � Cat/D : f∗,

where f∗ is given by pulling back along f and f! is given by postcomposition by f .

2.3.3. Corollary. Suppose given a discrete opfibration p : E → D and arbitrary
functor f : C → D. Then f∗p : f∗E → D is a discrete opfibration, and moreover
U(f∗p) = f∗U(p).

Proof. Consider the pullback diagrams

f∗E E Set∗

C D Set

f∗p p π

f U(p)

.

�

The analogous corollary holds for discrete fibrations and presheaves.

2.4. Computing left Kan extensions. The following proposition can be viewed
as saying that postcomposition is always well-behaved with respect to viewing cat-
egories over C as modeling functors C→ Set.

2.4.1. Proposition. For any f : C→ D, the diagram

Cat/C Cat/D

Fun(C, Set) Fun(D, Set)

f!

U U

f!

commutes.

Proof. Each functor in this diagram is a left adjoint, and it is equivalent to show
that the corresponding diagram

Cat/C Cat/D

Fun(C, Set) Fun(D, Set)

f∗

∫ ∫
f∗
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of right adjoints commutes. This follows immediately from Theorem 2.2.2 and
Corollary 2.3.3. �

This turns out to be essentially equivalent to the Kan formula for computing left
Kan extensions as a colimit.

2.4.2. Theorem. Suppose given

F : C→ Set, f : C→ D.

Then for all d ∈ D, we can identify

(f!F )(d) = colim
f(c)→d

F (c).

Proof. Define

F/d : f/d→ Set, 〈c ∈ C, s : f(c)→ d〉 7→ F (c).

Then by Theorem 1.4.3, we can identify

colim
f(c)→d

F (c) = π0

∫
F/d.

On the other hand, write p :
∫
F → C. Then by Proposition 2.4.1, we can identify

(f!F )(d) = π0(fp/d).

In fact,
∫
F/d and fp/d are isomorphic: the former is the category of tuples 〈c ∈

C, s : f(c) → d, x ∈ F (c)〉 and the latter is the category of tuples 〈c ∈ C, x ∈
F (c), s : f(c)→ d〉. �

3. Grothendieck (op)fibrations

3.1. Motivation. Grothendieck (op)fibrations arise when thinking about functors
into Cat. Given

F : C→ Cat,

we can define a category
∫
F with

(i) Objects: 〈c ∈ C, x ∈ F (c)〉,
(ii) Morphisms: 〈c, x〉 → 〈c′, x′〉 consists of s : c→ c′ and t : F (s)(x)→ x′.

More generally, one can play this game for pseudofunctors F : C→ Cat, i.e. functors
which are only functorial up to “coherent isomorphism”. This construction gives
a (non-full) embedding from Fun(C,Cat) into Cat/C, and the objects appearing in
the essential image are the Grothendieck opfibrations. Playing the same game with
Cop → Cat, one arrives at Grothendieck fibrations.

For our purposes, this identification of Grothendieck (op)fibrations is not impor-
tant. Rather, Grothendieck (op)fibrations for us will be a primarily technical tool
for reasoning about discrete (op)fibrations.

3.2. Definitions.

3.2.1. Definition. Fix p : E → C and s : e → e′ in E, and write p(s) = t : c → c′.
The map s is said to be p-coCartesian, or a p-coCartesian lift of t, if the canonical
map

s/E→ e/E×c/C t/C
is an isomorphism. /
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Tracing through this definition, keeping notation as above, we see that s is p-
coCartesian precisely when the following holds: for every r : e→ e′′ and u : c′ → c′′

such that p(r) = us, there exists a unique map i : e′ → e′′ such that p(i) = u and
r = is. We can picture this situation via the following diagram:

e e′

e′′

c c′

c′′

s

∀r

∃!i

t

p(r)

∀u

.

Applying this definition to u = 1c′ , we see that p-coCartesian lifts of t with
source e are essentially unique.

3.2.2. Definition. A functor p : E → C is a Grothendieck opfibration if for every
t : c→ c′ in C and e ∈ p−1(c), there exists a p-coCartesian lift of t with source e. /

3.2.3. Example. For any category C, the projection ev1 : C[1] → C is a Grothendieck
fibration. /

3.2.4. Proposition. If p : E→ C is a Grothendieck fibration, then the assignment

V (p) : C→ Set V (p)(c) = π0(p−1(c))

is canonically functorial.

Proof. Fix t : c→ c′ and e ∈ p−1(c). Choose a p-coCartesian lift s′ : e→ e′ of t, and
let V (p)(t)(e) be the image of e′ in π0(p−1(c′)). We must show that this assignment
is independent of choice of s and descends to a map π0(p−1(c))→ π0(p−1(c′)).

If s′′ : e→ e′′ is another p-coCartesian lift, then by the definition of p-coCartesian
with u = 1c′ , we obtain a map i : e′ → e′′ such that p(i) = 1c′ , and thus e′ and e′′

agree in π0(p−1(c′)).
Say m : e→ e is a map in p−1(c), and let s′ : e→ e′ be a p-coCartesian lift of t. As

s′ is p-coCartesian, we obtain a map m′ : e′ → e′ lifting 1c′ such that m′s′ = s′m,
and thus e′ and e′ agree in π0(p−1(c′)). We can play this argument backwards
to consider makes n : e → e, so that V (p)(t) descends to a map π0(p−1(c)) →
π0(p−1(c′)). �

Everything in this section can be dualized. The lazy definition is that p : E→ C

is a Grothendieck fibration when pop : Eop → Cop is a Grothendieck opfibration,
and if p is a Grothendieck fibration then we obtain a functor V op(p) : Cop → Set by
V op(p)(c) = π0(p−1(c)).

3.3. Pullbacks of Grothendieck (op)fibrations. Our definition of Grothendieck
opfibrations via slice categories quickly gives the following.

3.3.1. Lemma. Suppose given a pullback

E′ E

C′ C

q′

p′ p
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of categories and a map t in E′. If q′(t) is p-coCartesian, then t is p′-coCartesian. �

3.3.2. Proposition. Suppose given a pullback

E′ E

C′ C

q′

p′ p

q

of categories in which p is a Grothendieck opfibration. Then p′ is a Grothendieck
opfibration, and V (p′) = q∗V (p).

Proof. The fact that p′ is a Grothendieck opfibration follows immediately from
Lemma 3.3.1. For the second statement, observe that for c′ ∈ C′, we have p′−1(c′) =
p−1(q(c′)). Thus

V (p′)(c′) = π0q
′−1(c′) = π0p

−1(q(c′)) = V (p)(q(c′)) = (q∗V (p))(c′).

�

4. Base change

4.1. Base change of adjunctions along Grothendieck fibrations. We will
need the following easy lemma.

4.1.1. Lemma. Suppose C, D, and E have terminal objects c, d, and e, and C
f−→

D
g←− E is a span of categories such that f(c) = d = g(e). Then 〈c, e〉 is terminal in

C×D E. �

The following theorem is one of the main technical theorems about Grothendieck
(op)fibrations that we will use.

4.1.2. Theorem. Fix maps p : E → D and q : K → D and a functor α : E → K

which has a right adjoint β. Let f : C → D be a Grothendieck fibration. Then
f∗α : f∗E→ f∗K has a right adjoint.

Proof. By Proposition 1.2.1, our assumption is that for all k′ ∈ K, the slice category
α/k′ has some terminal object 〈e ∈ E, ε : α(e)→ k′〉. We want to show that for all
〈c′, k′〉 ∈ C×D K, the slice category (C×D α)/〈c′, k′〉 has a terminal object. Write
f(c′) = d′ = q(k′) and observe

(C×D α)/〈c′, k′〉 = (C/c′)×(D/d′) (α/k′).

As 〈e, ε〉 ∈ α/k′ is terminal, α/k′ → D/d′ factors through D/q(ε) by the diagram

(α/k′)/〈e, ε〉 D/q(ε)

α/k′ D/d′

= .

We can then identify

(C/c′)×(D/d′)(α/k
′) = (C/c′)×(D/d′)(D/q(ε))×(D/q(ε))(α/k

′) = (C/s)×(D/q(ε))(α/k
′).

where s : c → c′ is an f -Cartesian lift of q(ε). We conclude with an application of
Lemma 4.1.1. �
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We will also use the dual statement, that right adjoints are stable under base
change by Grothendieck opfibrations. An examination of the construction of the
right adjoint in the previous theorem gives the following slight upgrade.

4.1.3. Scholium. Fix notation as in the previous theorem. If g : C→ A is a functor
and for every s : d → d′ in D and c′ ∈ f−1(d) we can find an f -Cartesian lift of
s with target c′ which is sent to an identity map under g, then f∗α has a right
adjoint defined in Cat/A. �

We will draw a number corollaries from these. Let us start with the following.

4.1.4. Corollary. Suppose p : E → C is a left adjoint. Then for any f : C → D

and d ∈ D, the map fp/d → f/d induced by p is a left adjoint. In particular,
U(fp) = U(f).

Proof. We can identify the map fp/D→ f/D as

1× p : D[1]
ev0×D,fp E→ D[1]

ev0×D,f C

which remains a left adjoint as ev0 is a Grothendieck fibration. The projection
ev1 : D[1] → D satisfies the hypotheses of g in Scholium 4.1.3, so that for d ∈ D the
map

1× 1× p : {d} ×D,ev1
D[1]

ev0
×D,fp E→ {d} ×D,ev1

D[1]
ev0
×f C

is also a left adjoint. But this is exactly fp/d→ f/d. �

4.2. Base change along arbitrary functors. Grothendieck opfibrations, even
when not discrete, are useful for thinking of Cat/C as modeling functors C→ Set.

4.2.1. Lemma. If p : E→ C is a Grothendieck opfibration, then we can identify

U(p)(c) = V (p)(c)

Proof. There is a canonical inclusion p−1(c) → p/c, which we must show is an
isomorphism on π0. This functor is in fact a right adjoint by Theorem 4.1.2, being
the base change along the Grothendieck opfibration p of the right adjoint {c} → C/c
defined over C. �

Geometrically, we can view a Grothendieck opfibration p : E → C as a fattened
version of

∫
U(p). One benefit of this is that it is easy to approximate arbitrary

maps by Grothendieck opfibrations.

4.2.2. Proposition. Let p : E→ C be an arbitrary map, and write q : p/C→ C for
the canonical projection. Then q is a Grothendieck opfibration, and the inclusion
j : E→ p/C over C is a left adjoint.

Proof. Fix t : c → c′ and 〈e ∈ E, s : p(e) → c〉 in p/C. One can check that a
q-coCartesian lift of t is given by 〈e, ts〉.

To see that j is a left adjoint, observe that for 〈e ∈ E, c ∈ C, s : p(e)→ c〉 in p/C,
the slice category j/〈e, c, s〉 has terminal object 〈e, 1, s〉. �

As a consequence, we learn the following.

4.2.3. Proposition. Fix an arbitrary functor f : C → D. Define Rf∗ : Cat/D →
Cat/C as follows: for p : E → D, write q : p/D → D, and set Rf∗(p) = f∗q. Then
U(Rf∗(p)) = f∗U(p) for any p.
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Proof. We have

f∗U(p)
(1)
= f∗U(q)

(2)
= f∗V (q)

(3)
= V (f∗q)

(4)
= U(f∗q) = U(Rf∗(p)),

where (1) is by Proposition 4.2.2 and Corollary 4.1.4, (2) is by Lemma 4.2.1, (3) is
by Proposition 3.3.2, and (4) combines Proposition 3.3.2 and Lemma 4.2.1. �

4.3. Base change along Grothendieck fibrations. We have seen that if f : C→
D is arbitrary, then pulling back Grothendieck opfibrations along f is well-behaved
with respect to the interpretation of maps over C and D as covariant functors into
Set. Conversely, pulling back arbitrary functors along Grothendieck fibrations is
well-behaved from this perspective.

4.3.1. Proposition. If f : C→ D is a Grothendieck fibration, then

Cat/C Cat/D

Fun(C, Set) Fun(D, Set)

U

f∗

U

f∗

commutes.

Proof. By Proposition 4.2.3, we have f∗U(p) = U(Rf∗p), where Rf∗p = f∗q, where
q : p/D → D. The natural map f∗p → f∗q is obtained by pulling back along f
the map E → p/C, which is a left adjoint over C by Proposition 4.2.2. The result
follows from Theorem 4.1.2 and Corollary 4.1.4. �

4.4. The base change formula. We can use Proposition 4.3.1 to give a base
change formula which both generalizes and provides another proof of Theorem 2.4.2.

4.4.1. Definition. Suppose given a commutative diagram

C′ C

D′ D

g′

f ′ f

g

of categories. The associated natural transformation

f ′! ◦ g′∗ → g∗ ◦ f!
of functors Fun(C, Set)→ Fun(D′, Set) is defined as the composite

f ′! ◦ g′∗ f ′! ◦ g′∗ ◦ f∗ ◦ f! f ′! ◦ f ′∗ ◦ g∗ ◦ p! g∗ ◦ f!
f ′! ◦g

′∗◦η = ε◦q∗◦p!
.

/

4.4.2. Theorem. Fix a pullback square

C′ C

D′ D

g′

f ′ f

g

in which g is a Grothendieck fibration. Then the associated natural transformation
f ′! ◦ g′∗ → g∗ ◦ f! is a natural isomorphism.
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Proof. Model F ∈ Fun(C, Set) as a discrete opfibration E → C. Combining Corol-
lary 2.3.3 and Proposition 2.4.1, we see that f ′! g

′∗F is modeled by f ′! g
′∗E. Combin-

ing Proposition 2.4.1 and Proposition 4.3.1, we see that g∗f!F is modeled by g∗f!E.
The map f ′! g

′∗F → g∗f!F is now modeled as the canonical map f ′! g
′∗E → g∗f!E,

which is an isomorphism just by the pasting law for pullbacks. �

We can use this to give a second proof of Theorem 2.4.2.

Proof of Theorem 2.4.2. Fix F : C→ Set and f : C→ D; we wish to show

(f!F )(d) = colim
f(c)→d

F (c).

Consider the following pullback squares:

f−1(d) f/d C

{d} D/d D

q

fd f

i p

.

Write π for the projection from a category to the terminal category. We obtain
isomorphisms

(f!F )(d) = i∗f!F

= i∗p∗f!F

(1)∼= i∗fd!q
∗F

(2)
= π!fd!q

∗F

= π!q
∗F

= colim q∗F = colim
f(c)→d

F (c).

Here, (1) is from Theorem 4.4.2, as p is a Grothendieck fibration, and (2) is from
the fact that π a i so that i∗ = π!. �

5. Presheaves

5.1. The Yoneda lemma. For a locally small category C, we have a functor

hC : C→ Psh(C), hC(c)(−) = C(−, c).

5.1.1. Theorem. For all c ∈ C and F : Cop → Set, the assignment

HomPsh(C)(hC(c), F )→ F (c), α 7→ αc(1c)

is an isomorphism. When F = hC(c′), this is inverse to the canonical map

C(c, c′)→ HomPsh(C)(hC(c), hC(c′)),

and thus hC is fully faithful.

Proof. Fix c ∈ C and F : Cop → Set. We can identify the indicated map as

HomPsh(C)(hC(c), F ) ∼= HomCat/C(C/c,

∫ op

F )→ HomCat/C({c},
∫ op

F ),

and the first statement then follows from Theorem 2.2.2 as the inclusion {c} → C/c
can be identified as the unit {c} →

∫ op
Uop({c}). The second statement is easily

verified. �
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5.2. Left Kan extension of representables. We have already made use of the
following.

5.2.1. Lemma. We can identify
∫ op

hC(c) as the canonical projection C/c→ C. �

This admits the following upgrade.

5.2.2. Proposition. Suppose given p : E→ C where E has terminal object e. Then
U(p) = hC(p(e)).

Proof. Applying Uop to the zigzag C/p(e) ← {p(e)} = {e} → E of categories over
C gives an isomorphism hC(p(e)) ' U(p) by Corollary 4.1.4 and Lemma 5.2.1. �

This has the following consequence.

5.2.3. Proposition. For any functor f : C→ D, the following diagram commutes:

C D

Psh(C) Psh(D)

f

hC hD

f!

.

Proof. For c ∈ C, we have f!hC(c) = f!U(C/c) = U(f!C/c), and the result follows
as C/c has terminal object mapping to f(c) ∈ D. �

5.3. Colimit of the Yoneda embedding.

5.3.1. Lemma. For any category D, the category Psh(D) admits small colimits,
where for f : C→ Psh(D) we identify

(colim
c∈C

f(c))(d) = colim
c∈C

(f(c)(d)).

Proof. After enlarging the universe, we may suppose that D is small; the indicated
formula then shows that this colimit is independent of this enlargement. Write π
for the projection to the terminal category. Choose d ∈ D and write j : {d} → D.
Form the diagram

Fun(C,Psh(D)) Fun([0],Psh(D))

Fun(Dop × C, Set) Fun(Dop, Set)

Fun({d} ×D, Set) Fun({d}, Set)

π!

= =

(1×π)!

(j×1)∗ j∗

π!

.

The top dashed map is indeed left adjoint to π∗, as the associated diagram of
right adjoints commutes. The bottom square commutes up to isomorphism by
Theorem 4.4.2, as Dop × C→ Dop is a Grothendieck fibration.

Now, for f ∈ Fun(C,Psh(D)), the image of f around the counterclockwise com-
posite is colimc∈C(f(c)(d)), and the image of f around the clockwise composite is
(colimc∈C f(c))(d); the result follows. �

Let ∗ ∈ Psh(C) denote the terminal presheaf.

5.3.2. Proposition. The colimit of hC : C→ Psh(C) is ∗.
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Proof. We have

(colimhC)(c) = colim(hC(c)) = π0

∫ op

hC(c) = π0C/c = ∗.

�

5.4. Presheaves as colimits of representables. We can bootstrap the results
of the previous sections to the following fundamental result.

5.4.1. Theorem. Let C be a small category and p : E→ C a functor. Then

U(p) = colimhCp.

Proof. We identify

colimhCp
(1)
= colim p!hE

= p! colimhE

(2)
= p!∗
= p!U(IE)

(3)
= U(p!IE) = U(p),

where (1) is by Proposition 5.2.3, (2) is by Proposition 5.3.2, and (3) is by Propo-
sition 2.4.1. �

6. Equivalences of fibrations

6.1. Global equivalences, and final and cofinal functors.

6.1.1. Definition. Fix p : E → C and p′ : E′ → C. A map α : E → E′ over C is
a covariant, resp., contravariant, equivalence over C if U(α), resp., Uop(α), is an
isomorphism. /

6.1.2. Definition. A functor α : E→ E′ is a global covariant, resp., contravariant,
equivalence if for any functor p′ : E′ → C, it induces a covariant, resp., contravariant,
equivalence in Cat/C. /

The following a rephrasing of the last part of Corollary 4.1.4.

6.1.3. Proposition. If α : E → E′ is a left adjoint, then α is a global covariant
equivalence. Dually, if α is a right adjoint, then α is a global contravariant equiva-
lence. �

We can identify these global equivalences more explicitly.

6.1.4. Definition. The functor p : E → C is coinitial if for every c ∈ C we have
π0(p/c) = ∗, and is cofinal if for every c ∈ C we have π0(c/p) = ∗. /

This is an essentially combinatorial definition: p is coinitial if every two elements
of p/c can be connected by a zigzag. The naming is such that if p : E → C is an
inclusion of posets, then p is cofinal precisely when it is so in the usual sense.

6.1.5. Lemma. If f : C → D is a discrete opfibration, then f! : Fun(C, Set) →
Fun(D, Set) is conservative.



14 W. BALDERRAMA

Proof. Write π for the projection to the terminal category. Fix d ∈ D, and write
q : p/d→ C. As f is a Grothendieck opfibration, the inclusion j : p−1(d)→ p/d has
a left adjoint i by the proof of Lemma 4.2.1. As moreover p−1(d) is discrete, we
learn from Theorem 2.4.2 that

(f!F )(d) = π!q
∗F = π!i!q

∗F = π!j
∗q∗F =

∐
c∈p−1(d)

F (c).

The unit F → f∗f!F is then an embedding, so that f! is conservative. �

6.1.6. Theorem. For p : E→ C, the following are equivalent:

(i) p is a global covariant equivalence,
(ii) p is coinitial,

(iii) There exists a discrete opfibration f : C → D such that p is a covariant
equivalence over D.

Proof. Observe that p is coinitial precisely when p is a covariant equivalence in
Cat/C; thus certainly (i) implies (ii) and (ii) implies (iii). That (iii) implies (ii)
follows from the previous lemma, so we have reduced to verifying that (ii) implies
(i). Fix f : C→ D; we must show U(fp) = U(f). Indeed, we have

U(fp) = U(f!p) = f!U(p) = f!U(IC) = U(f!IC) = U(f),

and the result follows. �

6.1.7. Corollary. For all p : E→ C, the unit E→
∫
U(p) is coinitial. �

The dual statements hold.

6.2. Contravariant equivalences and colimits.

6.2.1. Theorem. For a functor p : E→ C, the following are equivalent:

(i) p is cofinal,
(ii) For any functor F : C→ Set, we have colimF = colim p∗F .

Proof. For c ∈ C, observe
∫
C(c, p(−)) = c/p. As a consequence, by Theorem 1.4.3

we identify
π0(c/p) = colimC(c, p(−)) = colim p∗C(c,−)

We find that p is cofinal if and only if condition (ii) holds for representable functors
F : C→ Set. The result follows from Theorem 5.4.1. �

7. Colimits

We have focused on the category theory of categories of the form Fun(C, Set) for
C small. Our goal in this section is to give some examples indicating how to use
this theory for more general categories. We will use the following fact.

7.0.1. Proposition. Let C be a category and p : J → C a functor. Then colim p
exists in C if and only if

c 7→ lim
j∈J

C(p(j), c)

is representable, in which case colim p is the representing object. �
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7.1. Categories with colimits. Fix a category C. We define a class F of diagrams
in C to be the data of a class of diagrams together with for each J ∈ F a subcategory
F(J) ⊂ Fun(J,C). We require moreover that [0] ∈ F and F([0]) = C.

7.1.1. Definition. Given C and F as above, define the category PshF(C) of F-shaped
presheaves on C as follows. Fix a universe for which C is locally small and all J ∈ F
are small. Then PshF(C) ⊂ Fun(Cop, Set) is the full subcategory spanned by the
essential images of the composites

F(J) Fun(J,C) Fun(J,Fun(Cop, Set)) Fun(Cop, Set)
⊂ (hC)◦ colim .

/

Observe that, up to equivalence, PshF(C) remains unchanged after enlarging the

universe. As F([0]) = C, we find that PshF(C) contains all representable functors

and so obtain a restricted Yoneda embedding hFC : C→ PshF(C).

7.1.2. Theorem. The following are equivalent:

(i) For all J ∈ F and p ∈ F(J), the colimit colim p exists in C,
(ii) The restricted Yoneda embedding hFC admits a left adjoint LF

C.

Moreover, in this case we can identify LF
C(colimhCp) = colim p for p ∈ F(J) with

J ∈ F. In particular, the counit LF
Ch

F
C → IC is an isomorphism.

Proof. The restricted Yoneda embedding hFC admits a left adjoint if and only if for

all F ∈ PshF(C), the functor

C→ Set, c 7→ HomPshF(C)(F, hC(c)) = HomFun(Cop,Set)(F, hC(c))

is representable. Fix F ∈ PshF(C) and choose J ∈ F and p ∈ F(J) such that
F ∼= colimhCp. Then

HomFun(Cop,Set)(F, hC(c)) = lim
j∈J

HomPsh(C)(hC(p(j)), hC(c)) = lim
j∈J

C(p(j), c)

by Theorem 5.1.1. As a consequence, this is representable as a functor in c if and
only if p has a colimit in C. Varying F and p, we find that (i) and (ii) are equivalent,
and the final statement follows easily. �

7.2. The Kan formula revisited. Our goal here is to generalize Theorem 2.4.2.
This gives, by duality, the analogous formula for right Kan extensions.

7.2.1. Definition. Given f : C→ D and a full subcategory j : B ⊂ D, we say that
f has a partial right adjoint g along B if there is a functor g : B→ C together with
natural isomorphisms

C(c, g(b)) ∼= D(f(c), j(b))

for all b ∈ C. /

7.2.2. Lemma. Suppose f : C → D has a partial right adjoint g along j : B ⊂ D,
and j has a left adjoint k : D→ B. Then k ◦ f a g ◦ j.

Proof. For c ∈ C and b ∈ B, we compute

C(c, g(b)) ∼= D(f(c), j(b)) = B(kf(c), b).

�
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7.2.3. Theorem. Let f : C→ D be a functor and let K be a category. Suppose that
for all F : C → K and d ∈ D, the colimit colimf(c)→d F (c) exists. Then restriction
f∗ : Fun(D,K)→ Fun(C,K) has a left adjoint f! computed by

(f!F )(d) = colim
f(c)→d

F (c).

Proof. Choose a universe of sets for which everything in sight is small. Choose a
class F of diagrams in K containing F/d : f/d → K for all F : C → K and d ∈ D,
and for which hFK has a left adjoint LF

K; the existence of this is guaranteed by the
hypotheses and Theorem 7.1.2. By Lemma 5.3.1 and Theorem 2.4.2, the composite

Fun(C,K) Fun(C,Fun(Kop, Set)) Fun(D,Fun(Kop, Set))
(hK)◦ f!

restricts to
fF! : Fun(C,K)→ Fun(D,PshF(Kop, Set)),

which has partial right adjoint f∗ along (hFK)◦ : Fun(D,K)→ Fun(D,PshF(Kop, Set)).
As LF

K a (hFK)◦, the result follows from Lemma 7.2.2. �

7.3. Cocompletions. Fix a category C and class S of diagrams containing the
terminal category. Define PshS(C) as PshF(C), where F = S with F(J) = Fun(J,C)

for all J ∈ S. Suppose PshS(C) admits S-shaped colimits, and that these are

preserved under PshS(C) ⊂ Fun(Cop, Set). For categories D and E admitting S-

shaped colimits, let FunLS(D,E) ⊂ Fun(D,E) be the full subcategory of functors
preserving S-shaped colimits.

7.3.1. Theorem. The restricted Yoneda embedding hSC : C → PshS(C) exhibits

PshS(C) as the free cocompletion of C under S-shaped colimits in the following
sense: for any category E admitting S-shaped colimits, restriction along hSC induces
an equivalence

FunLS(PshS(C),E) ' Fun(C,E).

Proof. Fix a category E admitting S-shaped colimits. Choose universes so every-
thing in sight is small. In this case, a functor f : C→ E induces f! : Fun(Cop, Set)→
Fun(Eop, Set) which restricts to f! : PshS(C) → PshS(E) by Proposition 2.4.1. We
obtain a functor

Fun(C,E)→ Fun(PshS(C),E), f 7→ LSE ◦ f!.
This lands in FunLS(PshS(C),E) by Theorem 7.1.2 as S-shaped colimits in PshS(C)
are computed in Fun(Cop, Set). We claim this provides an essential inverse to re-
striction along hSC.

Fix p : PshS(C) → E preserving S-shaped colimits. Fix F ∈ PshS(C). Choose
J ∈ S and p : J→ C so that F = U(p). Then we identify

LSE ◦ (p ◦ hC)!F = colim

(
J
p−→ C

hS
C−−→ PshS(C)

p−→ D

)
.

As p preserves S-shaped colimits, this is p applied to

colim

(
J
p−→ C

hS
C−−→ PshS(C)

)
.

As colimits in PshS(C) are computed in Fun(Cop, Set), this is just p(F ) by Theo-
rem 5.4.1. We learn LSE ◦ (p ◦ hC)!F = p(F ).
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For the other direction, observe LSE◦f!◦hSC = LSE◦hSE◦f = F by Proposition 5.2.3
and Theorem 7.1.2. �

7.3.2. Remark. One may, with a little more work, avoid the assumption that
PshS(C) ⊂ Fun(Cop, Set) is closed under S-shaped colimits by replacing PshS(C)
with the smallest full subcategory of Fun(Cop, Set) which contains the image of hC
and is closed under S-shaped colimits. /
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